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Abstract

This paper considers a promotion tournament where the winner is decided by the prin-
cipal’s posterior belief about the agents’ ability, not necessarily by the agents’ performance,
and analyzes the potential tradeoff between incentive effect and sorting effect of promotion
tournaments. Contrary to the previous studies, this paper shows that the agents’ optimal
choice of uncertainty is finite. If the uncertainty is infinite, the agent’s performance or effort
would have no effect on the principal’s posterior belief. Therefore, promotion decisions based
on a manager’s subjective performance rating can reduce the choice of risky strategies by the
agents. This paper also shows that the principal’s optimal choice of uncertainty is strictly

positive and finite as well.

1 Introduction

Tournament theory, a la Lazear and Rosen (1981), has been one of the key theoretical building
blocks in the analysis of personnel policies within firms, especially in the analysis of promotions.
In a standard tournament model, players’ (or agents’) performance depends on their effort and
random shocks. Then, a player with the highest realized performance wins the tournament and

receives a fixed prize. The literature has extended the standard model in various directions



including multi-stage tournament, asymmetric tournament, and repeated tournaments, but the
basic structure of the model where a player with relatively high performance wins the prize has
remained the same.

However, there are two aspects of the standard tournament model that differ from the actual
practice of promotions. First, in real-life promotions, a supervisor (or a principal) observes the
workers’ performance for many periods and promotes the one who is believed to have the highest
ability for the higher-ranked job. That is, it is not the realized performance of the players but
the supervisor’s subjective belief about the players’ ability that determines the winner. Second,
even though the standard tournament model has largely focused on the incentive effect of the
tournament, promotions also provide a sorting effect. That is, promotion tournaments not only
drive workers to exert more effort, but also help the firm to select the highest ability workers for
the higher-ranked job.

Therefore, this paper departs from the standard tournament model by choosing the winner of
a tournament based on the principal’s (or supervisor’s) posterior belief on the agents’ ability, not
on an objective performance measure. Of course, if the principal believes that the agent with the
highest performance is most likely to have the highest ability, then there would be no practical
difference between the standard tournament model based on an objective performance measure
and the model based on the principal’s subjective belief. Also, there would be no trade-off between
the incentive effect and the sorting effect of promotions.

This paper shows, however, that the tournaments based on objective performance and those
based on subjective belief are no longer equivalent if the risk or uncertainty of the agents’ per-
formance is endogenous. For example, suppose that one agent has chosen a risky strategy where
his performance largely depends on random shocks, or luck, and that the other agent has chosen
a safe strategy where his performance largely depends on ability and effort. Then, even if the
former agent has higher realized performance than the latter, the principal may still promote the
latter because her posterior belief about the latter agent’s ability can be higher than her belief
about the former agent’s.

The importance of promotions as a sorting device reflects potentially large heterogeneity in



players’ ability. This paper also shows that with potential heterogeneity in players’ ability, there
is a trade-off between the sorting effect and the incentive effect of promotions. That is, while the
principal would like to minimize the uncertainty in the players’ performance measure for efficient
sorting, a precise performance measure can reveal the difference in players’ ability too soon and
reduce the players’ incentives for effort. Therefore, the principal may intentionally choose a noisy
performance measure.

To my best knowledge, this paper is the first to analyze a tournament where the winner
is decided by the principal’s subjective belief about the agents’ ability. As discussed above,
this model can make a meaningful contribution only if the risk or uncertainty of the agents’
performance (or performance measure) is endogenous, and there are a small number of studies
that consider endogenous risk-taking in a standard tournament model. For example, Hvide (2002)
analyzes a tournament where the agents can choose their risk as well as their effort, and shows
that the agents will choose infinite risk, if possible, which results in zero effort.! This result raises
serious alarms as many agents, for example fund managers, have much discretion in choosing the
risk of their performance (Chevalier and Ellison 1997). In contrast, this paper shows that the
agents do not take an infinite amount of risk, if the winner of a tournament is decided based on
the principal’s subjective belief about the agents’ ability.

There are relatively many studies that have explored the idea that a principal may intentionally
withhold information on the agents’ mid-term performance in a dynamic model. Some recent
studies include Ederer (2009), Gershkov and Perry (2006), Goltsman and Mukherjee (2006),
Yildirim (2005), and Aoyagi (2010). However, in these models, the principal privately observes
the agents’ mid-term performance. Therefore, the decision to release the mid-term performance
information does not change the principal’s belief about the agents’ ability, or the sorting effect
of the tournament. Consequently, these models are largely interested in maximizing the agents’

effort (i.e. incentive effect), not in selecting the highest ability agent (i.e. sorting effect).

'In a non-tournament setting (e.g. with only one agent), there is a series of studies that have studied the optimal
contract when an agent can choose both his risk and his effort. See, for example, Diamon (1998), Hellwig (1994),

Biais and Casamatta (1999), and Palomino and Prat (2003).
2There exists a related recent literature on sequential auctions and elimination contests that focus on the ef-



The rest of the paper is organized as follows. Section 2 sets up the basic model. Section 3
considers a case where the principal can choose the risk or uncertainty in the agents’ performance.
In section 4, the case where the agents can choose their own risk is analyzed. Section 5 summarizes

and concludes.

2 Model

I consider a tournament with two risk-neutral players (i = A, B). The principal observes the
agents’ performance for two periods (t = 1,2), and updates her belief on each player’s ability.
Then, at the end of the second period, the principal promotes an agent with higher expected
ability. Therefore, as discussed in the beginning, I consider a typical promotion setting where the
winner is decided by a supervisor’s subjective belief.

More specifically, in the first period, each player’s performance (y;1) is determined by his

ability n; and a random shock €;; such that
Yir = 1); + €1

For simplicity, I assume that the first period performance does not depend on the player’s
effort. One can consider the first period performance as a signal for each player’s ability.
The first period performance is public information, but neither the players nor the principal

observe 7,. The prior distribution of 7; is normal with mean mg and variance 2. The noise term
2

€;1 follows a normal distribution with mean zero and variance o7%;.

In the second period, each player exerts effort a; and the performance y;2 is determined as
follows:

Yiog = N; + a; + €2,

where €;5 follows a normal distribution with mean zero and variance afi. The cost of effort is

g(a) = e* — 1. ¢;; are independent across ¢ and t (i = A, B, t =1,2).

ficiency of the sorting effects. See, for example, Moldovanu and Sela (2006), Mezzetti et al. (2008), Cai et al.
(2007), and Zhang and Wang (2008). In this literature, however, the mid-term information revelation structure is

exogenous.



It is straightforward to show that given the first and second period performance, the principal’s

posterior belief on player #’s ability n; follows a normal distribution,

(02mo + 03yi) + 0d(yi2 — ;) 030

) ~ N €l €l 1

nz‘yAla YB1,YA2,YB2 ( O_gi T 20_% 5 o_zi i 20_(2) ’ ( )
where @; is the principal’s expectation on agent #'s effort level.

Then, without loss of generality, player A would win the tournament (or promotion) if

(na —nB)|yar, yB1,ya2,yp2 = 0. (2)

Assume that the winner of the tournament receives the payoff M, and the loser receives the
payoff m, where M > m > 0. If the expected ability is the same, the principal promotes each
agent with equal probability, a half. Computing the optimal M and m is not the focus of this
paper. Thus, I assume that M and m are exogenously given.

Note that agi measures the uncertainty or risk in player ¢'s task. In the following analyses, I
will consider two different cases: (i) where the principal determines the level of risk (0%) and (ii)
where the agents choose the level of risk (0%).

The timing of the game is as follows. First, the principal (or the agents) chooses the level
of risk (agi). Then, both the principal and the agents observe the first period performance. In
the second period, the agents choose their effort simultaneously. After observing the second

period performance of the agents, the principal updates her belief on the agents’ ability (n,), and
promotes the agent with higher expected ability.

3 Principal’s Choice of Uncertainty: Sorting vs. Incentive

This section considers a case where the principal selects the level of risk. From the symmetry of
the model, assume 02, = 025 = o2. The principal has two objectives: (i) inducing more effort
by the agents and (ii) promoting the agent with higher ability. The first objective reflects the
incentive effect of the promotion, and the second reflects the sorting effect of the promotion.

For precise sorting (that is, to reduce the type I error), the principal must minimize the

variance of the expected posterior belief. From (1), it is straightforward to show that the variance



of the posterior belief on the agents’ ability is increasing in o2. Therefore, for precise sorting, the

2

2 as small as possible.

principal should choose o

If a smaller 02 increases the agent’s effort as well, then there would be no trade-off between
the incentive effect and the sorting effect, and the principal will choose the minimum o2, that is,
she will select as precise a performance measure as possible. However, if reducing o2 decreases
the agent’s effort, there would be a potential trade-off between the incentive effect and the sorting

effect, and the optimal 02 can be strictly positive. Then, the principal may intentionally choose

a noisy performance measure.

Agents’ Choice of Effort To analyze the incentive effect of promotion, consider the agent’s
optimal choice of effort given o2. Since 02, = 025 = o2, from (1) and (2), without loss of

generality, player A would win the tournament if

yar + (na+aa+€ea2 —@a) —yp1 — (N +ap + €p2 — aB)
(Ng+€a2 —np — €p2) (@a —ap) — (aa —aB) — (a1 — yB1)-

Note that conditional on the first period performance y4; and yp1,

o3(ya1 — yB1) 2U§+40302>
o2+02 7 o240k

3)

(Na+€a2—1np— 632)‘%41@31 ~ N (

Denote the cumulative distribution function of (74 + €42 — ng — €p2) by F. Then, in the
beginning of the second period, player A’s probability of winning given the first period performance
is

Py=1-F((aas—ap) — (aa —ap) — (ya1 — yB1)).

Likewise, player B’s probability of winning given the signals is
Pp=F((aa—ap) — (aa —ap) — (ya1 — yB1)).

Then, given the first period performance, player A’s maximization problem in the second
period is as follows:

max Uy =m + Pa(M —m) — g(aa).
as>0



Denote the pdf of F' by f. Then, the first order condition for the agent A’s optimal effort a%
is

% = f((@a—ap)— (a} —ap) — (a1 —yp1))(M —m) — ¢'(a})

= f(=(yar —yp1))(M —m) — ¢'(a}) <0, (4)
where equality holds if a¥% > 0. The second equality follows from the rational expectations as-

sumption, that is, a4 = a¥ and ap = a}.

Likewise, the first order condition for the agent B’s optimal effort a% is

ZUB = f(=(ya1 — yp1))(M —m) — g'(ap) <0, (5)
ap

where equality holds if af; > 0.

Then, the agents’ optimal choice of effort can be characterized as follows:

Proposition 1 (i) Regardless of the first period performance (ya1,yp1), both players choose the
same level of effort (¢ = afy = a*).

(ii) If lya1 — yp1| increases, then the effort level decreases.

Proof. See appendix. m

The first result is due to the additiveness of ability and effort in the agent’s performance,
and simplifies our analysis greatly. The second result is the well-known asymmetric tournament
effect. That is, if ya1 — yp1 increases, the posterior expected difference in the agents’ ability
increases. Therefore, an agent with lower expected ability would work less because he is likely to
lose anyway. Also, the agent with higher expected ability works less because he is likely to win

anyway.

Principal’s Optimal Choice of Uncertainty Given (3) and (4), I can characterize the effect

of 2 on the agent’s expected optimal effort E[a*] as follows:

Proposition 2 There exists s(03) > 0 such that
2

€

(i) if % > s(03), Ela*] decreases in o



(ii) if 02 < s(03), Ela*] increases in o2,

(iii) if o = 0, then Ela*] =0,

(iv) s(03) increases in o3.
Proof. See appendix. m

Therefore, when o2 is large enough relative to O‘%, raising the uncertainty o2 decreases the
agents’ effort. In this case, as discussed above, I do not have a trade-off between sorting and
incentive. Therefore, the principal would not choose o2 > 8(0'(2)). Intuitively, if o2 is large enough,
even a large difference in the second period performance does not imply a large difference in
ability. That is, with large uncertainty in the performance measure, an agent’s higher effort or
higher performance cannot convince the principal that the agent has higher ability. Therefore,
the agents lose the incentives for effort.

However, if o2 is small enough relative to o3, raising the uncertainty o2 increases the agents’
effort. In this case, there exists a trade-off between sorting and incentive. Intuitively, if o2 is
small enough (that is, performance measure is precise), even a small difference in the first period
performance implies a statistically significant difference in the agents’ ability and reduces the
agents’ effort.

If 02 = 0, then the difference in the first period reveals the difference in ability for sure. Thus,
there is no incentive for any effort in the second period. Therefore, assuming that the principal
never wants the agents to choose zero effort, the principal would not choose 02 = 0. Thus, even
without specifying the principal’s objective function, the optimal ¢? for the principal must be

finite and strictly positive. That is,

Corollary 1 The optimal o2 for the principal is 0 < o2 < s(03).

Note that even when the principal has the choice of a precise performance measure with o2 = 0,
the principal would still intentionally choose a noisy performance measure. This result is related

to the recent literature on the mid-term performance revelation discussed in the beginning. For



example, Ederer (2009) shows that revealing mid-term performance can create an asymmetric
tournament and reduce the agents’ incentives. Proposition 2 and corollary 1 show that a similar
intuition drives the principal to choose a noisy performance measure intentionally. This contrasts
with the conventional wisdom in agency models that the more precise the performance measure
is, the better. Moreover, unlike the previous studies that have focused on the incentive effect,
proposition 2 shows that the sorting effect of promotion tournaments may directly conflict with

the incentive effect.

4 Agent’s Optimal Choice of Risk: Risk-Taking vs. Assurance

In this section, I allow the agents, not the principal, to choose their own risk, ng‘» in the beginning
of the game. That is, given that the winner is decided by the principal’s subjective belief about
each agent’s ability, | am interested in how much risk the agents are willing to take. Note that
the choice of risk is public information, that is, observable to the principal and the other agent,
and affects the principal’s (posterior) belief.

Solving backwards, from (1), in the end of the second period, agent A would win the tourna-

ment if
Ay = Eng—nglyat,ys1,yaz, ys]
_ olamo+ogyar +03(ya2 —aa)  oZpmo +ogys1 + 0g(yp2 — Gp) >0 (©)
afA + 202 O‘?B + 202 =7

Let us denote the cdf of A4 given the first period performance by H. Then, in the second
period, given af ', and agB and the first period performance y41 and yp1, agent A would choose

his effort level to maximize the expected utility as follows:

max Ug =m+ (1 — H(0))(M —m) — g(aa). (7)

as>0

Finally, the agents would choose the level of risk in their tasks az ', and O'?B in the beginning of
the game to maximize their expected utility. Even though a closed form solution for the optimal
risk choice is not available, assuming that there exists a symmetric equilibrium, the following

results arise.



Proposition 3 If there exists a symmetric equilibrium, O’? 4 and O’SB are finite. Also, Ela*] and

Ela}) are strictly positive.
Proof. See appendix. m

Intuitively, in a tournament, each agent has an incentive to increase their risk ng’ to have a
higher performance than the other agent. However, when the winner is decided by the principal’s
belief, not by the realized performance, if af ', and U?B are infinite, higher performance does not
increase the principal’s belief about the agents’ ability. Therefore, to win this tournament, each
agent has an incentive to reduce the risk and work hard, and the optimal risk is finite.

Since many managers, especially fund managers, have increasingly large discretion on the
choice of risk in their strategy, the question of whether promotion tournaments among them
would lead to excessive risk-taking has become an important issue, especially after the recent
financial crisis. Hvide (2002), for example, shows a negative result that in a standard tournament
model, allowing the agents to choose the risk leads to infinite risk-taking and zero effort. In this
case, note that the promotion tournament provides neither the incentive effect nor the sorting
effect.

This paper restores some optimism. That is, as long as the principal (or firm) can observe the
managers’ risk-taking behavior and promote one based on subjective belief about the managers’
ability, the managers do not take too excessive risk. Proposition 3, however, does not tell us

whether the equilibrium risk level is socially optimal.

5 Conclusion

Promotions are directly tied to the hierarchical organization structure of a firm, and are a main
source of wage growth for workers. Therefore, a promotion tournament must sort out the best
worker for the higher-ranked job, and provide work incentives to the employees. With uncertainty
about workers’ ability, the sorting problem inevitably involves the supervisor’s subjective belief

about workers’ ability and affects the promotion decision. However, the previous literature has

10



largely focused on sport-like tournaments where the agents’ performance, not the principal’s belief,
determines the winner.

This paper provides a simple model of tournament to analyze the importance of a supervisor’s
subjective belief in promotion tournaments and the sorting effect of promotions. This paper shows
that the principal would intentionally choose a noisy performance measure, and that the agents
would not take infinite risk. These results suggest that a tournament based on the principal’s
subjective belief can be better than a tournament based on precise and objective performance

measure in terms of both the sorting effect and the incentive for effort.
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APPENDIX

Proof of Proposition 1 (i) From (4) and (5), the first order conditions for players A and
B are symmetric. Therefore, a¥y = a%.
(ii) Without loss of generality, consider the posterior belief about player A’s ability. The

posterior mean and variance of n4 conditional on the first period performance are

1
—=m = 2 2
ol 0+02y‘41 _U€m0+UOyA1

ma = (Al)
Uig + Uig o2+ o}
1 1 -1 2 2
= (m+3) - (A2)
o5 O¢ o¢ +0p

The posterior mean and variance of 74 conditional on the first and the second period perfor-

mance are
Lmar + = (yaz — @a) 2 2 5
G 72 _oiymar +01(yaz —aa)
o L+ 1 - o2, + 07
a'% O'SA €A 1
2 2 2 2
2 gemotogyal ogo ~
AT o2+02 + af—f—c;(% (yA2 o aA)
2 0p%e
Teat o2+0%
2 2 2 2 2 -~
_ JEA(JemO + 0'03/,41) + 000 ¢ (yA2 - aA) (A 3)
= , .

2 2 2 2 .2
Oea (06 + UO) + 0p0¢

-1

2 2
- 2 _909%¢_
2 1 1 ! OcA + gg+g%
Oa2 = ) 2 =\ ==z .
o? o2, 02-Q0-2.2 o2,
oitop €
2.2 2
000c0cA

- 02, (02 +03) + 0202 (A4)

Without loss of generality, suppose that ya1 — yp1 > 0. From (A.1), the mean of (54 +
€42 — N — €p2) conditional on the first period performance is ﬂ%((yfg‘i;;ém. Since (ya1 — yB1) >
L((z‘gi;?l) > 0> —(ya1—yB1), from the symmetry of f,if (y41 —yp1) increases, f(—(ya1—yB1))

decreases. Therefore, the second period effort decreases with (y41 — yB1)-
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Proof of Proposition 2 (i) and (ii) From (A.1) and (A.2),

. (—(ym—ym)—ﬂz)(y‘“;?l))z
0240
f(—=(ya1 —yB1)) = —————=exp | — ——
o 2044002 2%&
o2+03 7eto0

Then, since g(a) = e*—1, from (4) and (5), we can get the closed form solution for the agent’s

optimal choice of effort as follows:

024202 2
. . 204 + 40302 (ﬁ) 2
ap =ap = log(M - m) — IOg (\/27‘(’ ;2 n 0(2) € _ 220§+42203 (yAl — yBl) .
‘ oZ+ot
Recall that E[X2] = Var(X) + (E[X])?. Since (ya1 —yp1) ~ N (0,2(c% 4+ 02)),
02—&-206 2
x 20¢ + 40§02 ( o2+ap ) 2 | 2
Ela;] = log(M —m) —log (\/27T o2 + o2 - 5204707 2 (Uo + Ue)
‘ o%tay
02(02 + 203) 1
= loo(M — —1 qroeie 17700 )~ (9452 2\
og( m) — log (\/ 7 o2 1 o2 202 (205 + 07)
It is straightforward to check that Ela}] is maximized at 0?2 = s(03) = %J— +
INE=e

V[ \/ 53082 + 20§. Therefore, if 0 > s(03), Ela*] decreases in o2. And if 02 < s(0}), E[a”]
2

(iii) Also, if o2 = 0, from (4) and (5), a* = 0 for all y41 and yp;. Therefore, E[a*] = 0.
(iv) It is straightforward to check that s'(02) > 0 for all 62 > 0.

increases in o

Proof of Proposition 3 Note that in the beginning of the second period, before the second

period performance is realized, A4 is a random variable. In particular, since y;2 = n; + a; + €2,

15



A 4 follows a normal distribution with

o2, mo+odyar
oatod
2 2
o4+ 205

2 2 2 -~
UEAm0+00yA1+Uo( +aA—aA)

ElAalyat,ys1] =

2 2
2 2 2/0.gmo+ogYB1 ~
oZgmo + ogyB1 + 05(—<E—%— + ap — ap)
. 7.3 1T%% (A.5)
o2, + 202 ’ '
eB 0

2 2 2 2
g agn0o
VCLT[AA|yAlayBl] = <0_2 0 2> (0_2 0”ed ) +U§A>

2
O T N i T I (A.6)
025 + 203 025 + 203 B

€

Let us denote the pdf of H by h. Then, from (7), given the first period performance y4; and

yp1 and the choice of risk az ', and O'?B, the first order condition for a’ is

h(s)

U 4 /0 (s — E[Aalyar,ys1]) OE[AAlyar, ysi1) L
- ds(M —m) — ¢'(a%) <0, AT
das —oc0 Var[Aalyat, ysi] Oax ( ) —g(aia) < (A7)

where equality holds if a% > 0.

Suppose that 02, = 025 = co. Then, from (6), A4 = 0 for all ya1,yB1, Y42, and yp2. Therefore,
each agent will get promoted randomly with probability a half. That is, H(0) = % in (7). Thus,
from rational expectation, we have a* = a4 = 0. Similarily, a; = ap = 0.

Assuming there exists a symmetric equilibrium, it is sufficient to show that agent A can

profitably deviate to a finite UEA.Z Give121 025 = oo and afy = @4 = ap = 0, from (A.5),
U?Amo-l—U(Q)yAl-&-Ug(&%-kaZ)
E[Aalyai,ysi] = 02A+2‘7(2)€A 0 —myg. Then, in the beginning of the first period,

2 2
o2 pmo+togmq
o2 ymotogmotod(—Ay——— +Ug +E[a%])
> €QA 0
oL t20;

before the first period performance is realized, E[A 4] = —mg =

2_Elaj]
72
02¢7O+¢7A6

. Therefore, assuming Fla%] > 0, agent A can increase the probability of winning to
more than a half by choosing a finite 02 . Finally, given o2 is finite, Efa%] must be strictly

positive from (A.7) since a¥ is bounded below by zero and strictly positive if y4; is large enough.
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