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1 Introduction

Tullock (1980) introduced the rent-seeking contest in which players compete for a single
prize by exerting efforts. The probability that a player wins the prize depends on his
effort and that of the other players. A vast amount of papers have studied this model and
extensions of it. For surveys, see Nitzan (1994), Lockard and Tullock (2001), Congleton
et al. (2008) and Konrad (2009). In particular, Nitzan (1991) presented a model for
a group contest, where players are members of groups of possibly different sizes, and
the prize is awarded to one of these groups. The probability that a group wins the
prize depends on the aggregate effort of this group and the aggregate efforts of the
other groups. The prize has private good characteristics. If a group obtains the prize,
a given sharing-rule is applied to divide it among its members, i.e. either equally, or
proportionally to each member’s effort, or based on a combination of this. Examples of
group contests are situations where interest groups, like parties, localities, departments
or industries, compete for a budget at the discretion of policy makers, or situations where
research and development joint ventures of firms are racing to develop a new product
that will create an economic rent.

This paper considers a group contest as introduced by Nitzan (1991). However, we
suppose that one group has private information about its number of members, which can
be either small (a small-type group) or large (a large-type group). The other groups have
possibly different but publicly known sizes. All groups have a given identical valuation
of the prize. For analytical simplicity, and to find unambiguous results, we suppose
that the prize is equally shared among the members of the winning group. We show
that our model has a unique pure-strategy Nash equilibrium in which members of the
same group exert the same effort level. We also derive the exact effort each group will
make and show the necessary and sufficient conditions under which each group exerts a
positive or zero effort in equilibrium. It turns out that a group may be inactive if its size
is relatively large. This is due to the fact that the free-rider incentive within a group
becomes more pervasive if its size increases, while at the same time the per-capita reward
becomes smaller since each player has to share the prize with more group members (see
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complete information). It also turns out that the decision of the privately informed
large-type group to be active or inactive can be affected by the number of members in
the (non-realized) small-type one. Furthermore, the total effort of the groups without
private information is larger if the group with private information is less likely to play.
Finally, we compare our model with private information to a benchmark model with
complete information. We find that the large-type group with private information may
alter its decision to be active relative to the benchmark case. Our model can be applied
to situations in which groups of incumbent players, who are familiar with each other,
face entry of a new group of players who are privately informed about their group size.
One can think of the competition for a grant between established and one newly formed
group of researchers.

Our analysis is related to four strands of the rent-seeking literature. First, a small
but growing number of studies examine contests with private information regarding the
valuation of the prize. In particular, Hurley and Shogren (1998a) consider a contest
with two players, where one player has private information about his valuation of the
prize. Hurley and Shogren (1998b) also study this case and numerically investigate
the situation with two-sided private information. Malueg and Yates (2004) analytically
investigate the latter case, assuming that the valuation of each player is either high or low,
and imposing a simple structure on the probabilities associated with these valuations.
Other related papers are Hurley and Shogren (1998c¢), Warneryd (2003), Fey (2008) and
Ryvkin (2010). Notice that these studies focus on contests between individual players
rather than groups of players. We remark that we can easily reformulate our model and
results such that one group has private information regarding its valuation of the prize
(which can be either high or low) rather than with respect to its number of members.
Second, Baik and Lee (2007) investigate asymmetric information in the group contest
of Nitzan (1991) with two groups. However, they focus on the case where each group
has private information regarding its sharing-rule of the prize. For related studies, see
Baik and Lee (2010) and Nitzan and Ueda (2010). Third, a number of papers study
whether players (or groups) exert a positive or zero effort in equilibrium. In particular,
Stein (2002) considers a contest where players can have possibly different valuations of
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that Stein focuses on a model with individual players and complete information. Ueda
(2002) considers the group contest of Nitzan (1991) and derives the conditions under
which groups are active in equilibrium. However, that study does not take into account
private information. Schoonbeek and Winkel (2006) investigate a contest with individual
players, of which one possesses private information about his valuation of the prize, and
derive the conditions under which the privately informed player is active in equilibrium.
Fourth, a few papers have studied contests with an unknown number of players who
each enter the contest randomly, see Miinster (2006), Lim and Matros (2009) and Fu et
al. (2010). Note that these studies focus on contests with individual players and do not
consider group contests.

This paper is organized as follows. Section 2 presents the model. Section 3 gives
the analysis of the equilibrium. Section 4 concludes. The Appendix contains technical

details and proofs.

2 The model

Consider a rent-seeking contest where risk-neutral players compete in m > 2 groups for a
single prize of value V' > 0 by exerting non-refundable efforts. Every player is in exactly
one group. Group 1 has ng players with probability p and ny, players with probability
1—p, whereny > ng > 1and 0 < p < 1. Hence, we either have a small-type or large-type
group 1. The players of group 1 know the realization of their type, while the players of
the other groups only know the distribution. Group i = 2,...,m has n; > 1 players,
which is publicly known. We assume without loss of generality that ny < ng < ... < n,,.

Let t (t = S, L) be the realized type of group 1, n; the number of players in group
1 of type t, x1j+ > 0 the effort of player j (j = 1,...,n:) from group 1 of type t, and
xi; > 0 the effort of player j (j = 1,...,n;) from group ¢ = 2,3,...,m. The corres-
ponding (aggregate) group efforts are denoted by x1; = 27;1 215t and x; = Z?Z:l Tij,
i =2,...,m, respectively. If group 1 is of type ¢, the probability that group ¢ wins the

prize is given by the Tullock success function

L1t ) —
N Fores > aeet fori=1, )
ot — e, fori=2,3 m
$1t+22”:2xk7 sy e eey .

If 214 + > pg 2 = 0, the probability that group ¢ = 1,2,...,m wins is 1/m.
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Each player will choose his effort to maximize his expected payoff. If a group wins,
all its players will receive an equal share of the prize. Disregarding the case where all
group efforts are zero, since that will not occur in equilibrium, the expected payoff of
player j (j =1,...,n) of type t from group 1, w4, is

CEltV
Tyt + kazg T )Ny

Tt = ( — T1jt, (2)

while the expected payoff 7;; for player j (j =1,...,n;) from group i = 2,3,...,m is

miV
Plows + oy onmi

.%'Z'V
(z1n + D)o TN

+(1—p)

— Tij. (3)

Tij =

3 The equilibrium

We will investigate the equilibrium properties of our game. Doing so, we focus on pure
strategy equilibria in which all players of the same group choose the same effort level.
In Section 3.1 we examine the different cases that might hold for the relevant first-
order conditions. In Section 3.2 we show that the game has a unique equilibrium. In
Section 3.3 we discuss the factors influencing players of group 1 to exert a positive or
zero effort in equilibrium. In Section 3.4 we compare our model with private information

to a benchmark model with complete information.

3.1 The first-order conditions

An equilibrium in which all players who belong to the same group exert the same effort,
denoted by (%15, 11, &2, . .., Tm), is characterized by the following first-order conditions

(FOGCs), where & = Y )", @

zV
— <1 4
(@15 + @)2715 - ( )
W<, (5)

(T1L + 2)%ny,
(1 + & — 23)V
(%11 + )%n;

(15 + & — &)V
(Z15 + &)%n;

+(1-p) <1, ifi>1, (6)

where (4), (5) and (6) hold with equality if ;5 > 0, &7, > 0 and &; > 0, respectively.
Notice in passing that the FOCs are identical to those that correspond to a reformulation

of our model in which group 1 has private information regarding its valuation of the



prize rather than its number of members. This can be done by defining Vi = V/ng and
Vi = V/np, i.e. a high and low valuation of the prize, and normalizing the number of

members in group 1 to one.

Case ‘ T1g ‘ 1y ‘ z ‘ Can this yield an equilibrium?

1 0 0 0 | No, for a player in group ¢ > 1 playing an infin-
itesimal € yields expected payoft of n% — €, which
is larger than mLm, the payoff of playing zero.
Similar argument applies to players of group 1.

2 0 0|>01]No if m = 2, since (6) fails. Yes, possibly if
m > 2.

3 0[>0 0 | No, it implies that (5) holds with equality.
While ny, > ng and 15 = 0, (4) fails.

4 >0 0 0 | No, (4) fails.

5 0[>0]>0] No, it implies that (5) holds with equality.
While ny, > ng and #15 = 0, (4) fails.

6 >0 0| >0 | Yes, possibly.

7 >01]>0 0 | No, (4) and (5) fail.

8 >0|>0|>0] Yes, possibly.

Table 1: Analysis of potential equilibria.

We split the analysis of the FOCs into eight distinct cases based on the decision
variables being zero or taking a positive value. In Table 1 we directly show that five of the
cases do not yield an equilibrium. From the table we deduct that (6) is always binding.
We also note that for a,b € {2,3,...,m} we have (i) a > b < n, > np, & &, < Iy,
and (ii) @ > b < ng > np < &4 < &p. Thus, larger groups make a smaller effort. This
is inherent to the free-rider incentive within groups and the fact that the per-capita
reward for each player becomes smaller if the number of members in his group increases.
Apparently, the effort per player decreases faster than the number of members in the
group increases. Further, note that group 2 will always exert a positive effort, and that
(6) implies that groups with indices 2 to m with equal size make the same effort.

Let r € {1,2,...,m — 1} be such that (i) #,4+1 > 0 and (ii) either #,42 = 0 or
r+4+1 = m. Note that if r = m — 1, the &, 12 = 0 condition does not exist. The variable r
represents the number of groups that play a positive effort, ezcluding group 1, the group

that possesses private information. For example, suppose there are four groups (m = 4)



of which group 1, 2 and 3 play a positive effort, 15 > 0, 11 > 0, £2 > 0 and Z3 > 0,
while group 4 does not, 4 = 0. In this case, r = 2. Note also that o > Z3.

We consider the three cases that are left in Table 1 one by one. In the Appendix
we show for each case that if the FOCs hold, the solution is unique, and we derive the
corresponding values of & (i.e. the total effort of groups 2 to m) and r. In particular, if

subscript [c] denotes case ¢ € {2,6,8}, we find the following.

Case 2 Assume m > 2. If this case holds, we have 915 = 0, Z[gj1, = 0, Z[g); > 0 for

2<i<rpg+1,and Zp; =0 for rg + 1 < i < m, with

T[2] — 1

I = < (7)
ZjEQ nj

and

1—1
i1 A?’Lz‘+1 > 0} (8)

Zj:Q 1

Ty = max{i € 1,2,...,m—1[1~—

Case 6 If this case holds, we have 2515 = 0, Z[gj1, = 0, Zjg); > 0 for 2 <7 <7 + 1,

and Z(g); = 0 for 76 + 1 < i < m, with

rig1+1 2
) rigpyV Vs + \/7“[26}1?2‘/715 +a(pns + 35,5 n)(L—p)V(rg —1) o)
Lle] = p— )
2(pns + Zj[i]Q nj)

and

Tl6] =max{i € 1,2,...,m —1|p\/Vng (
+1-p)V
2

(ip\/Vns + \/iQpQVHS +4(png + 23112 n;)(1—p)V(i— 1)) 0
_ Njt1 > .

ipV/Viis +\/2p2Vns + d(pns + STy ny)(1 - p)V (i — 1)
2(pns + 305 ;)

2oms + 3 omy) 10)

Case 8 If this case holds, we have Z(g15 > 0, Z[gj11, > 0, Zg); > 0 for 2 <7 <rg + 1,

and 'i'[8]i =0 for rg +1<i<m, with

5 (r[g]p\/VnS + rig (1 — p)\/VnL)2 (1)
[8] = r 1 27
<pns + (L —pnr + Zj[i]; nj)
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and
i+1

T8 = max{i € 1,2,...,m — 1|png + (1 —p)np —in;41 + an > 0}. (12)
j=2

3.2 Main results

We now show that exactly one of the three cases 2, 6 and 8 is true for the game defined by
(m,V,p,ng,np,na,...,Ny,). As a result, our game always has a unique (pure-strategy)

equilibrium (in which all players of the same group exert the same effort). First, we

introduce the following functions for i € {1,...,m — 1}:
g (i) = Zlf;njv’ (13)
(Vs + Vi + Apns + 5 ) (1 - p)V(i - 1) ’
Z6) (i) = 2oms =3 o) . (14
i = TS i )T’ "

i1 \2
pns + (L—p)ng + 3505 n;

Note that @[2] = @[2] (7“[2]), @[6] = @[6] (T[G}) and @[8] = @[8] (T[S])-
Next, we present four lemmas, the proof of which can be found in the Appendix.

The first two lemmas give useful properties of the functions #y(4), #(6)(7) and (g (7).

Lemma 1. Fori € {1,...,m — 1} the following holds:

i+1

@w>z%@wﬂmz2w (16)
iz
i'[G} (Z) < % = (Z - 1)n5 < Ziznj, (17)
s
T (1) = % < (i = 1) (pv/nsnL + (1 —p)nr) = pns — py/nsng, + i”y (18)
iz
Ty (i) < % < (i —1) (py/nsnr + (1 —p)nr) < pns — py/nsnr + inj (19)
iz

Lemma 2. The following holds for the game defined by (m,V,p,ng,np,na...,ny):



(i) In case 2, the number of active groups of groups 2 to m, represented by T(2], 18 such

that it mazimizes &y (i):
im(i—{—l) forie{l,... T[2] — 1}, (20)

,m — 2}. (21)

<
i[g} (1) > i[g} (t+1) forie {7’[2], e

(ii) In case 6, the number of active groups of groups 2 to m, represented by (g, is such

that it mazimizes Zg)(i):

i'[G} (Z) < i'[G} (Z + 1) fO?”i < {1, <o 6] — 1}, (22)
i[ﬁ} (1) > i[ﬁ} (i4+1) forie {T[G]’ coo,mo— 2} (23)

11) In case 8, the number of active groups of groups 2 to m, represented by rig), s such
(8]

that it mazimizes &g (i):

i’[g} (1) < i’[g} (t+1) forie{l,... s T[8) — 1}, (24)
i[g} (Z) > i[g} (Z + 1) fori e {’I“[g], e, m — 2}. (25)

The next two lemmas characterize useful properties of cases 2, 6 and 8.
Lemma 3. The game defined by (m,V,p,ng,nr,na,...,ny) has an equilibrium in

(i) case 2 if and only if Zpz)(rg) = 75,
(ii) case 6 if and only if % > 2] (776]) = %,

(i1i) case 8 if and only if % > Zg)(r(g))-
Lemma 4. The following holds for the game defined by (m,V,p,ng,ng,na, ...

(i) The game cannot have an equilibrium in both case 2 and case 6, i.e.

. \% R \%
T (rpg) = e = Z(g)(r[e]) = e (26)

(ii) The game cannot have an equilibrium in both case 2 and case 8, i.e.

V v
¢ > =3 > —. 27
g (rpg) = e g (rg) = o (27)



(iii) The game cannot have an equilibrium in both case 6 and case 8, i.e.

Vv

. V .
56[8}(7“[8}) < E = T[] (T[6]) < E (28)

(iv) The game must have an equilibrium in at least one of the cases 2, 6 and 8, i.e.

. Vv N Vv
2 (176)) < wp (r8)) < " (29)
. Vv . \%
Z16)(re)) > s = o0 (rjg) > v (30)

Our main proposition directly follows from Lemmas 1 to 4.

Proposition 1. The game defined by (m,V,p,ng,ng,na, ..., ny) has exactly one (pure-
strategy) equilibrium in which players of the same group exert the same effort. It can be

expressed as (T18, 1L, %2, .. Tm)-

Lemma 3 shows that the total equilibrium effort of groups 2 to m is larger in case
2, when both the small-type and large-type group 1 play a zero effort, than in case 6,
when there is a chance that group 1 plays, namely if it is the small-type. In turn, the
total equilibrium effort of groups 2 to m in case 6 is larger than in case 8, when it is
certain that group 1 plays, both when it is a small-type and large-type. This makes
sense, as groups 2 to m have a larger chance of obtaining the prize when group 1 does
not compete, making them more eager in the contest.

We conclude this section with a numerical example. Consider our game with ten
groups (m = 10), which all value the prize at V' = 1. Group 1 has size ng = 1 with
probability p = 0.4 and size ny = 8 with probability 1 — p = 0.6. Groups 2 to 10 have
the following group sizes: (3,4,6,9,9,10,10,14,16). With help of (8), (10) and (12), we
calculate the number of groups excluding group 1 that play a positive effort in each case:
Ti9) = 3, 6] = 3 and r[g = 3. Furthermore, by (7), (9) and (11), we compute the total
effort of those groups for each case: Zy ~ 0.154, 25 ~ 0.121 and Z[g ~ 0.119. Because
Ty is smaller than V/ng = 1 and &) and &g are both smaller than V/n, = 1/8,
only case 8 can yield an equilibrium. It can be verified that in the equilibrium we have
T15 ~ 0.226 and 217, = 0.03. The equilibrium efforts of groups 2, 3 and 4 are z5 =~ 0.070,

i’g ~ 0.047 and @4 ~ 0.002. As T'[g} = 3, @5 = .ﬁ'ﬁ =...= .@10 =0.
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3.3 Factors influencing group 1 to be active or inactive

We will investigate the factors which determine whether (a player of) group 1 is active
or inactive, i.e. exerts a positive or zero effort, in equilibrium. The small-type group 1
is always active in equilibrium if m = 2. Hence, if we consider this group in this section,
we (implicitly) focus on the case with m > 2. Let us first examine the impact of ng and

nr,. Notice from (i) of Lemma 3 and (16) that the equilibrium is in case 2 if and only if

(1121 — ngs > Z n;. (31)

Since 79 is independent of ng and ny, we see that the equilibrium is in case 2 if ng
is ‘large’. Then both the small-type and large-type group 1 are inactive due to the
pervasive free-rider incentive and small per-capita reward in either of these groups (recall
that ny, > ng). Next, examine the situation where (31) does not hold, i.e. when ng is
‘small’. Then we are in case 6 or 8 and the small-type group 1 is active in equilibrium.
Using (ii) and (iii) of Lemma 3 and the fact that 26 (r[s) does not depend on ny,, we see
that we have case 6 if ny, is ‘large’ and case 8 if ny, is ‘small’. In other words, whether
the large-type group 1 is (in)active depends on the size of ny. If ny is ’large’, then this
group is inactive because the free-rider incentive is pervasive and the per-capita reward
is small. If ny, is ’small’, then this group is active for the opposite reasons. In sum, we
have case 2 if both ng and nj, are ‘large’, case 6 if ng is ‘small’ and ny, is ‘large’, and
case 8 if both ng and ny, are ‘small’.

Proceeding, take a situation where the model has an equilibrium in case 8, i.e. in
which both types of group 1 are active. Next, let us increase ng, while keeping ny, fixed
(taking into account that ny, > ng). In other words, we aggravate the free-rider incentive
and decrease the per-capita reward in the small-type group 1 only. Interestingly, it then
might happen for some values of ng that the large-type group 1 rather than the small-
type one becomes inactive. The reason is that the small-type group 1 decreases its effort
if ng becomes larger. As a result, the total effort of groups 2 to m increases, which in
turn is unattractive for the large-type group 1. Hence, we can have an indirect effect
of the size of the small-type group 1 on the (in)activity of the large-type group 1. This

indirect effect can be illustrated if we increase ng from 1 to 2 in the numerical example
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of Section 3.1. In that case, the equilibrium falls in case 6 with rig = 3, #15 = 0.125
and 217, = 0. The total effort of groups 2, 3 and 4 has increased to &g = 0.132, with
o =~ 0.077, 3 = 0.052 and z4 ~ 0.003.

Next, consider the impact of no,...,n,, and m on the decision of group 1 to be
active or inactive in equilibrium. We know that the small-type group 1 is inactive if
and only if (31) holds. Using (iii) of Lemma 3 and the negation of (19) with i = rgj,
we can obtain the condition such that the large-type group 1 is inactive. Note that
(o) and r[g) are dependent on ng, ..., n, and m, which makes it generally impossible to
determine the impact of these parameters on the decision of group 1 to be (in)active.
However, let us focus now on the special case where groups 2 to m have the same size,
say n. Then 79 = 75y = m — 1. As a result, (31) reduces to f(m) > n/ng, where
f(m) = (m — 2)/(m — 1), with f(m) increasing in m and lim,,_.., f(m) = 1. The

large-type group 1 is inactive if and only if

(m —1) (pv/nsny + (1 —p)ng —n) > pns + (1 —p)ng. (32)

Examining the impact of n, note that (31) and (32) certainly do not hold if n is large
enough. Take now a situation where the equilibrium is in case 2, i.e. (31) holds and both
types of group 1 are inactive (we must have m > 2 in this case). Next, increase n. Then
there exist thresholds for n, say n and n, with 2 > 7, such that: (i) if n > 7, then (31)
no longer holds, so the small-type group 1 becomes active (now the equilibrium must be
in either case 6 or 8); and (ii) if n > n, then (32) no longer holds, so the large-type group
1 becomes active as well (now the equilibrium must be in case 8). Hence, we see that
first the small-type group 1 and next the large-type group 1 switches from inactivity
to activity if n becomes large enough. Increases of n correspond to a larger free-rider
incentive and smaller per-capita reward in groups 2 to m.

Next, consider the impact of m. Note that (31) does not hold for all m > 2 if
n/ng > 1. Ilf n/ng < 1, then (31) certainly will hold if m is large enough. Further, (32)
does not hold for all m > 2 if n > p\/ngng + (1 —p)nr. If n < p\/ngng+(1—p)nr, then
(32) certainly will hold if m is large enough. Notice that ng < py/nsnr+(1—p)ng < nr.
Now take a situation where the equilibrium is in case 8, i.e. both (31) and (32) do not

hold and both types of group 1 are active. Next, increase m. Then there are three
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possible subcases depending on the size of n:

(a) Suppose n < ng. Then (31) and (32) will hold if m becomes large enough, so both

types of group 1 become inactive (then the equilibrium must be in case 2);

(b) Suppose ng < n < py/ngng + (1 — p)nr. Then (only) (32) will hold if m be-
comes large enough, so (only) the large-type group 1 becomes inactive (then the

equilibrium must be in case 6);

(c) Suppose n > py/ngng + (1 — p)ng. Then (31) and (32) do not hold for all m > 2,

so both types of group 1 remain active (the equilibrium remains in case 8).

Note that the size of n in subcases (a) to (c) can be characterized in terms of an increasing
free-rider incentive and decreasing per-capita reward in groups 2 to m. For example, in
subcase (c), the free-rider incentive and per-capita reward are, respectively, so large and
small, that both types of group 1 remain active even if the number of rival groups for
group 1 becomes very large.

Finally, we can also examine the impact of parameter p on the decision of group 1 to
be (in)active in equilibrium. The corresponding results do not provide much additional

insight. Therefore, for brevity, we omit them here.

3.4 Comparison to the case with complete information

In this section we compare the equilibrium behavior of group 1 in our model with private
information to that of group 1 in a benchmark model with complete information. We
have two variants of the benchmark model, i.e. one in which group 1 has ng players
and one in which it has ny players. We call these variants the small-type and large-
type benchmark model, respectively. We can easily obtain the equilibrium results of the
benchmark model from our previous analysis. In order to see that, take the model with
private information and replace the parameters ng and ny, by, respectively, the variables
ns and nn;,. We obtain the small-type benchmark model if ng = ng and ny = ng, and
the large-type benchmark model if g = ny, and n; = nr. Hence, in the benchmark
model we fix both variables at the same value. Note that we did not allow for ng = ny,
in the model with private information. Yet, let us suppose for the moment that ng = np,

in that model. Referring to Table 1, note that (4) holds with an equality for case 6.
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While ng = np, #15 > 0 and &1, = 0, (5) then fails. Hence, case 6 cannot yield an
equilibrium. Note that the results for cases 2 and 8 are still valid if ng = ny. This also
shows that the benchmark model can only yield an equilibrium in cases 2 and 8. The
other parameters in the benchmark model, m,V,p,no ..., ny,, are equal to those in the
private information model. Note that p is a superfluous parameter for the benchmark
model as the equilibrium is independent of it.

We denote the number of groups besides group 1 that play a positive effort in the
benchmark model by 7. The following proposition is proved in the Appendix.

Proposition 2. Compare the equilibrium behavior of group 1 in each variant of the
benchmark model to that of the corresponding type of group 1 in the private information

model. The following holds:

(i) Take the small-type benchmark model. Then group 1 in this model is active if and

only if the small-type group 1 in the private information model is active.

(i) Take the large-type benchmark model and suppose Tig) = 1. Then group 1 in this
model is always active, while the large-type group 1 in the model with private in-

formation may be inactive.

(iii) Take the large-type benchmark model and suppose Tg) > 2 and rig) = 1. Then group
1 in this model may be active or inactive, while the same holds for the large-type
group 1 in the model with private information. Activity or inactivity in one model

does not necessarily imply activity of inactivity in the other model.

(iv) Take the large-type benchmark model and suppose Tigy > 2 and rig) > 2. If group
1 in this model is active, then the large-type group 1 in the model with private

information is active as well, but the reverse does not hold in general.

Proposition 2 implies that the decision of the players of group 1 to be active or inactive
in equilibrium is independent of having private information if the group is small. When
the group is large, having private information may change their decision. With one
other active group in the benchmark model, having private information gives group
1 the possibility to be inactive in equilibrium, something that is not possible in the

benchmark model. If more than one other group is active (both in the benchmark model
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and the model with private information), group 1 is more often inclined to be active
in the model with private information (the reason being that groups 2 to m are less

aggressive in that case, i.e. they exert a smaller effort).

4 Conclusion

We have investigated a rent-seeking contest in which players compete in groups for a
prize. One group possesses private information about its number of members, which can
be either small or large. All other groups have a publicly known number of members.
All groups have the same valuation of the prize. We have shown the existence of a
unique equilibrium in which all players of the same group exert the same effort, and
provided the necessary and sufficient conditions under which a group exerts a positive
or zero effort level in equilibrium. We have interpreted the (in)activity of a group in
equilibrium in terms of the pervasiveness of the free-rider incentive and per-capita reward
for its members. Finally, we have compared our model with private information to a
benchmark model with complete information. We have shown that if the group with
private information has a small number of members, it is active in the equilibrium of
the model with private information if and only if it is active in the equilibrium of the
corresponding benchmark model. This does not necessarily hold if the group has a large
number of members.

As far as we know, our paper is the first to study private information regarding a
group size in a group contest. An interesting generalization could be to allow groups to
have different valuations of the prize. Another possible extension could be to let more

groups posses private information. We leave these topics for future research.
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Appendix: Technical details and proofs

Derivation of (7) and (8)
Considering case 2, assume m > 2, &5 = 0, Zg17, = 0 and &y > 0. As defined,

is such that (i) i[Q]T[Q]H > 0 and (ii) either :E[Q}T[Q]_FQ = 0 or 7y +1 = m. The FOCs

become

= v <1, (A1)
- v <1 (A.2)
1’[2}”[/

(T — 2pa)V . .

B e L, <3< 1 A.

(Ea)n; 1, if 2 <i<ry+1, (A.3)
% . .

_ <1, if rg +1<i<m. (A.4)
,I[Q}TLZ

From (A.3) we find for 2 < < rpy + 1 that

R R CAC[Q}’I’LZ
Tl = T2) — (A.5)
hence
" rp — 1
By =) ey = V- (A-6)
i=2 D=2 T

which equals (7). Using (A.5) and (A.6) we easily obtain (8).
Note that if (A.1) to (A.4) hold, there is a unique solution where #(9);§ = 2917, = 0,

#[g); can be calculated from (A.5) for 2 <i <7y + 1, and Zpg; = 0 for rpg + 1 < i < m.

Derivation of (9) and (10)
Examining case 6, assume 515 > 0, Zg)17, = 0 and Z[g; > 0. By definition, 7 is such

that (i) &[gy;+1 > 0 and (i) either () 12 = 0 or 75 + 1 = m. The FOCs now read

TigV

i x[fi]A 5 =1, (A.7)

(Z(6)15 + Z[6))*ns
<y, (A.8)

1‘[6}77,[,

(33[6]15 + Zjg) — :E[G}i)V ("%[6} _ j[6]l.)v . '
1 =1 f2<i< 1 A9
(Tig)15 + Z(g]) i +1-p) (6))2ni ) H2=<1=<rpg+1, (A.9)
v +(1-p) V1 iy +1<i<m. (A.10)
p(j}[(ﬂls + i.[6})”2 p i[ﬁ}n, -7 (6] > 7. .



Substituting (A.7) in (A.9), we find for 2 <i < rg + 1 that

p @[6]‘/77,8 + (1 —p)V — 9%[6]71@

° pns+(1-p)z-
As Zpg) = Z;[i];l (g, we can use (A.11) to obtain
ri6p/Z 0V 1= p)V — ag SS9
. 6P/ Z6 Vs +rg (1 —p)V =2 > = 1y
pns + (1 =p)za
Solving (A.12) for # is equivalent to solving the quadratic equation
UORE
pns+ > nj |yt - <T[6]p\/ Vns) y— (1 =p)V(rg —1) =0, (A.13)
j=2
where y = /2[5 > 0. We find
2 T 1 ?
TPV Vns + \/7“ p*Vins +4(pns + 3,20 ni)(1 —p)V(rg — 1)
) = o ’ , (A14)

+1
2(pns + ;% n;)

which equals (9). Note that Z(g; > 0 if and only if the numerator of (A.11) is positive,

as the denominator is positive. As a result, we have

i) = max{i € 1,2,...,m — 1|py/2gVns + (1 = p)V — Zgnip1 > 0} (A.15)

Substituting (A.14) in (A.15) gives (10).
Note that if (A.7) to (A.10) hold, there is a unique solution where Z(g;g is defined
by (A.7), Zg1, = 0, Z[g); can be derived from (A.11) for 2 <4 < rjg + 1, and Zjg; = 0

for rig) +1<i<m.

Derivation of (11) and (12)

Considering case 8, assume g1 > 0, Zg)17 > 0 and Zg) > 0. Recall that rg is such
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that (i) ZL(s]rs+1 > 0 and (ii) either L(sjrg+2 = 0 or 7(g) + 1 = m. The FOCs now equal

Y
M LS—) (A.16)
(Zg)s + 21g)?ns

bV

il =1, (A.17)

(Tig1z + 1g)) 0L

(Tig)15 + Zjg) — Z[ga)V (Tg)1r + T8 — Tiga)V

E - +(1- L . =1, if2<i<rg+l,
(Z[8)1s + Zg))*n ( (21 + 2[s))?n &
(A.18)
\%4 \%4
1- <1, if l<i<m.
p(f”[?%}ls + (g +1-p) (T + Tg)ni — Hrg L <rsm
(A.19)

Substituting (A.16) and (A.17) in (A.18), we derive for 2 < i < rg + 1 that

P P :Aﬂ[g}V’I’LS + (1 —p)w /f[g]V’I’LL — ’I’sz[g] (A 20)
8 = pns + (1 —p)ng ' '

Since Zg = Z;[i];l Tig)5, (A.20) yields

= ~ T 1 N
. TP/ Eg Vs + g (1 —p)/EgVng - Zj[i]; n;[g) (A21)

o pns + (1 —p)ng

Solving (A.21) for #[g) is equivalent to solving

7"[8]-1-1
pns+ (1 —p)ng, + Z n; | y* — <r[8]p\/Vn5 + 718 (1 — p)\/VnL> y=0, (A.22)
=2

where y = /Z[g) > 0. It follows that
2
(T[g]p\/VnS + g (1 — p)\/VnL)
rig+1 2’
<pns + (1 =pnr + 35, nj)

which coincides with (11). Note that d(g); > 0 if and only if the numerator of (A.20) is

Zjg = (A.23)

positive, as the denominator is positive. Thus, we obtain

74[8} :max{ze 17277m_1’p Vn5+(1_p) V VnL_ni-f—l\/-i'[g] >O} (A24)

Substituting (A.23) in (A.24) gives (12).

Note that if (A.16) to (A.19) hold, there is a unique solution where Z(g;5 and (g1,
are found by solving (A.16) and (A.17), respectively. The values of &(g); for 2 < i < rig+1
can be derived from (A.20), while Z[g;; = 0 for rg +1 <i < m.
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Proof of Lemma 1
— Equation (16): Follows directly from (13).
— Equation (17): Observe from (14) that

1/@[6] (Z) < \/g
zp\/Vn + \/z p*Vng + 4(png + Z;HQ nj)(1—p)V(i—1) i%

2(pns + 3555 ;) ns

ip+ 122 + 4+ = Y ny) (1= p)(i— 1) 1 g
R
2 pns 1 J
(Zfé v "S5
+1

i%p +4p+—znj 1—p)(i—1)

-

. 2
i+1 i+1

<(2-z‘)2p2+4(2—z‘)nﬂ2nj+4 Zn]
S =
J=2

i+1
& 40— 1)p? +4p(1 — p)(i — 1) —l——Zn]z—Fp pi—1)
] =2
pz-‘,—l 4Zp i+1 i+1 2
Z nj — Z nj+4 Z”ﬂ
4 i+1 z+1 i+1
< 4Ap(i—1) —|——Zn]z—1 an—i—ll an

i+1

< (i—1)ng < an.
j=2

— Equation (18). Notice that (14) yields

. 14

v/ 26 (1) = 4/ -
ipV/Vng + \/z p?Vngs + 4(png + Z;HQ nj)(1—p)V(i—-1) oY
-~ > -
2(pns + Z;—Hz n;) nr

i+1 i+1

(A.25)

& i*p*nsng + 4np(pns + an)(l —p)(i—1)> | 2(pns + Zn]) —ip\/nsny,

Jj=2
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i+1
& i’p’ngng + dng(pns + 3 ny)(1 —p)(i — 1)

j=2
i+1 i+1 i+1
> 4p*n% + 8png Z n; + 4(2 nj)2 —4(png + Z n;)ipy/nsnr + i’p’ngnr,
=2 j=2 j=2
i+1
& nilpns +)_n;)(1=p)(i 1)
j=2
i+1 i+1 i+1
> pPng +2oms > nj+ (D 1)’ — (pns + Y ny)ipy/nsng
=2 j=2 j=2
i+1
< nr(pns + an)(l —p)(i—1)
j=2
) 2 . )
i+1 i+1 i+l
> [pns+Y nj | —(ns+ Y ny)i — pynsng — (pns + Y nj)py/nsne
=2 =2 =2
i+1
e np(l—p)(i—1) >png — (i — 1)py/nsng, — py/nsng + an
j=2

i+1

& (i = 1) (py/nsng + (1 —p)nr) > pns — py/nsng + Y _n;
=2

pns — pyYISIL + Y5y (4.26)
pynsnr + (1 —p)ng '

— Equation (19): Remark from (15) that

\/Zig (1) < \/g

ipvV'Vng +i(1 —p)v/Vnr - |V
nr

Si—12>

pns + (1 —pns + 35 5 n;

pns + (1= p)ng + 35y n;
pynsnr + (1 —p)ng

pns —py/nsnr + Z;ilg n;

pynsnr + (1 —p)ny,

& i-1< (A.27)

Proof of Lemma 2

— Part (i): For i =2,3,...,79, we have by (8) that
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-1
Ni41
e <1l——
i—1 > itamj
1—1—1 1—1

: < — ,
Yiong—ni Yign,
which implies that 29 (i) < Zy(i + 1) fori =1,2,... 79 — 1.

For i = rpg + 1,719) + 2,...,m — 1, we have by (8) that
i+1
Nit1 = Q,
1—1

which is equivalent to
i+2
Njt2 > 72]_.2 ’
Thus, for i = rpg, 7 +1,...,m — 2, we obtain
1—1 1 —1
—itl = i+2
> ita D jsa My — Mit2
1—1

v

: T2
S - L]TQ &

1—1

2 1
1

e
Z}:z j
which proves part (i) for i = rjg, 79y +1,...,m — 2.

— Part (ii): We define for i =1,2,...,m — 1:

a(i) = ip\/Vng,

i+1

b(i) = i*p*Vng + 4 | pns + an 1-pV(@E-1),

J=2
i+1

c(i) =2 pns—i-an ,
j=2
) a(l 7/ b(i .
f@@) = % =1/ (6 (1)

21

, Z':T’[Q},T[Q}—FQ,...,?TL—Q.

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)



For ¢ =2,3,...,m — 1, we have

a(i — 1)+ /b(i — 1)

fi=1)= c(i — 1)
_a(i—1) a(i—1)2  2(1—-p)V(i—2)
(i —1) * \/(C(i —1))? * c(i—1)
=10 (=)%a@)? 201 -p)V(i—2)
(i) = 2n441 (c(i) — 2niz1)? c(i) = 2niq41 (A.36)
From (A.15) we know for i = rg +1,...,m — 1, that
c(i) (c())
Niy1 > pvVVng————— 1—-p)V . A.37
w4 Y (at) + b(i))2 A0
Using (A.37), for i = rig +1,..., m — 1, we find
—2n;41 < c(i 2p Vn _ 2= p)Veli) 5 (A.38)
( + b(2)>
. 2<“ "+ 2“@ V() +2(1 = p)Ve(i)
% 4 2a(i)\/b(i) + (i)
B 1 1 (a(i))® + 2a(i )3/b() +2(1 — p)Ve(i)i
B i 2) +2a \/—+2 1—p —1)c(i)
= 1— 1 2(1 —p)Ve(i )
i 2 4 2a(i)\/b(i) 4+ 2(1 — )V (i — 1)e(d)
_ Vel | (A.39)
bi ))
Substituting (A.39) into (A.36) yields for i = rjg + — 1, that

i=La(i) + J (5% a(i)? + 2(1 — p)Ve(i) (2 ~3+2- —2<1p)v(”)c<§>>

i(a(i)++/50)
Jli—1)> ( )
(11 20-pvel
) < i i(a(i)+\/b(_i>)2>

(A.40)
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We focus for the moment on 2(1 — p)Ve(i):

2(1 = p)Ve(i) =2(1 —p)Ve(i) + e + : :
M) _ (e, 20 pveld
) (@)? 20 =p)V(i—1)eli) 20— pVe()
i i i2 i2
(i) (a()? UM (a()? | 2(1 = p)Ve(i)
1 1 12 12 12
b(4 b(4 a(i))? b(e b(e a(@)? 201 —p)Ve(i
:2%_9_((1)) +2Z(2) 52) ((z?)) ( g) (i)
n 2a(z) i b(i) 2a(z) : b(i) n 2a(i)i2 b(i) 2a(z)22 b(7)
_ <(a(f))2 . <a<iz'2>>2 ,a() V() +z“<”22 o) |, b_> . b_> )
N a(i)/b(7) N 2a(i) b(i) b(i) 2b(z’) 2(1 —p)Ve(i)

T t2 2t

Substituting (A.41) into the square root in the numerator of (A.40) yields

(i — 1>2 a()? +2(1 — p)Ve(i)

7

g2 B B
i=34 =+ 3

y 2 (i+1)(i—2) 26+1)i—2)bl) 2(1—p)V(i—2)c()
i (a(i) + b(i)) i3 <a(i) + M)Q

2—34——.4‘—.—3—.—— -

3 <a(i)+ b(z’)) 3 <a(¢)+m)2

y ( 2 1 1 2 26+1)(3i-2)/b0) 2(1p)V(i2)c(i))
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~ 200 = 1)/b(d) N 2(1 —p)Ve(i) i
2 (al) + VO@) 2 (ali) +/50))

260 201 —p)V(i—De(i) 1)

B (ai) + VB0 )
X (2 b(i)a(i) + 2b(i) — 2(1 — p)V (i — 1)0(2')—(@(2') )2 — 2a(i)\/b(i) — b(z’))

(i1’ N dfi-1 SL-pVe(i) 4 ((1-p)Ve(i) ’
_< i ) %) z< i >ma(z‘)+m+z‘2 <a(z‘)+\/%>

B i—1 5 2(1 —p)Ve(i) ‘ ‘
(( - )W i(a(z’)h/@)) (A.42)

We can substitute (A.42) into (A.40) to obtain for i =7 +1,..., m — 1, that

2
i—1 b1 — 2(1—p)Ve(d)
<( DIV = i)
. 1— 1 2(1—p)Ve(3)
i-1 . i-1 b1 — 2(1—p)V (i)
(5) al@) + (F) VOO) - 0t )

ey (11— 20nve
i(ali)y+/50))”

(A.43)
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(52) al) + (52) Vo) - (ali) + v/B(0) ) 22,

z‘(a(z‘)+ b(i))

= f(), (A.44)

which shows that &g (i) > 2 (i + 1) for i = rgg,...,m — 2.
From (A.15) we know for i = 2,3,...,7[g, that

. 2
c(i c(i
nivn < pVVns—__ gy (A.45)
a(i) + /b(i) (a() + Vo0
Following the rest of the proof above, the inequality signs in equations (A.38), (A.40) and
(A.43) change to >, < and <, respectively. This proves part (ii) fori =1,... 74 — 1.
— Part (iii): For i =2,3,...,7g, we know from (12) that

i1
niy1 < ——— + 3 (pns + (1 —p)nr). (A.46)

Using (A.46), we know for i = 2,3, ..., g, that
(i = DpvVns + (i = 1)(1 = p)vVnr

pns + (1 —p)np + 2222 n;
_ (1—12) (ipy/'Vng +i(1 — p)v/Vnr)
pns + (1= png + 35 nj — nigs

(1= 4) (ipy'Vs + i(1 — p)yVrz)

) pns + (L —p)ng, + 5ty n; — L2 L (g + (1 - p)ng)
_iv/Viis i1 p) Vg o
pns + (1 —p)ng + 35y n;’
which implies that Zg (i) < Zg)(i + 1) fori =1,2,...,rg — 1.
Similarly, for i = rg +1,...,m — 1, we know from (12) that
i+1
Nty = @ + % (pns + (1 —p)n). (A.48)

Using (A.48), we know for i = rg +1,...,m — 1, that

(i—DpvVns + (i —1)(1 — p)vVnr

pns+ (1= png + 35 _yn;
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- (1—=1) (ipy/'Vng +i(1 — p)v/Vnr)
pns + (1= p)n + 355 nj — nig

(1—7) (vVns +i(1 - p)vVnr)

> i1
ps + (L= phng + it ny = =52 — 4 (png + (1 - p)ns)
i/ (1 )V "
pns+ (1 —=p)ng + 355 n;
which gives part (iii) for i = r(g),...,m — 2. O

Proof of Lemma 3
For each of the three cases 2, 6 and 8 we have that, when the associated FOCs hold, a
unique solution is defined. If for a case not all four FOCs hold, the case cannot yield an
equilibrium. In each case the third and fourth FOC — i.e. (A.3) and (A.4) for case 2,
(A.9) and (A.10) for case 6, and (A.18) and (A.19) for case 8 — always hold, as they
are implied by the selection of [y in (8), 7 in (10), and 7(g) in (12), respectively. This
directly follows for the third FOC of each case. We give a proof of the claim for the
fourth FOC in all three cases.

For case 2, note that (8) implies for i = 79 +1,...,m — 1 that n;1 1 > V/Z9),
which by (i) of Lemma 2 gives n;y1 > V/&(9(r}g), which is equivalent to (A.4). For case
6, note that (A.15) implies for i =7 +1,...,m — 1 that

Vng

Vv
Nit1 2Py —~ + (1 —p)—=, A.50
i 26 (7) )90[6] (4) (4.50)
which by (ii) of Lemma 2 gives
Ving Vv
Ni11 2 Py = +(1—-p)= ) A.51
o Z16)(r(e)) ( )90[6] (776)) (451

Remark that (A.51) is equivalent to (A.10) if you substitute in (A.7). For case 8, notice
that (A.24) implies for i = rgy +1,...,m — 1 that

pvVVns + (1 —p)vVnp

Ni+1 > (A.52)
) (4)
which by (iii) of Lemma 2 learns that
v V
Mip1 > p—mte 4 (1 p)— (A.53)
g (ryg)) g (ryg))
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We see that (A.53) is equivalent to (A.19) if you substitute in (A.16) and (A.17).
Finally, considering the two FOCs of each case that do not hold for all parameter
values — i.e. (A.1) and (A.2) for case 2, (A.7) and (A.8) for case 6, and (A.16) and

(A.17) for case 8 — we can easily complete the proof of the lemma. O

Proof of Lemma 4

— Part (i): If we have an equilibrium in case 2, (16) and part (i) of Lemma 3 give

g+l
(1121 — Dns > Z n;, (A.54)

j=1
which by (17) implies (g (r[2]) = V/ns. Using part (ii) of Lemma 2, this gives Z (g (r(6)) >
V/ng. As this last implication is in contradiction with an equilibrium for case 6, we
cannot have that cases 2 and 6 yield an equilibrium at the same time.
— Part (ii): When we have an equilibrium in case 8, we have by part (iii) of Lemma 2

and part (iii) of Lemma 3 that z(g)(rg)) < V/nr. By (19) we then have

T[2]+1
(ry = 1) (pv/nsmr + (1= p)nr) < pns —py/nsnp + Y ny
j=2
T[2]+1
& 1 (pyvnsn + (1 —p)nr) < pns + (1 —p)ng + Z n;
j=2
T‘[Q]—f—l
= 7 (pns + (1 —p)nr) <pnsg + (1 —p)ng + Z n;
=2
2+l
& (rg—Dpns+ 1 —pnL) < > ny
j=2
T[2]+1
= (rg —Dns < Z n;. (A.55)
j=2

Note that (A.55) implies by (16) that #y(79)) < V/ng. As this last implication is in
contradiction with an equilibrium for case 2, we cannot have that cases 2 and 8 yield an
equilibrium at the same time.

— Part (iii): When we have an equilibrium in case 8, we have by part (ii) of Lemma 2
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and part (iii) of Lemma 3 that z(g)(rg)) < V/nr. Then (19) yields

7”[6]+1

(rg) — 1) (pv/nsnr + (1 —p)ny) < pns — py/nsny, + Z nj, (A.56)
j=2

which by (18) implies #(g)(rs]) < V//nr. As this last implication is in contradiction with
an equilibrium for case 6, we cannot have that cases 6 and 8 yield an equilibrium at the
same time.

— Part (iv): Assume case 6 does not yield an equilibrium. Then either #g (ri) > V/ns
or &g (rg)) < V/nr. For the case Zjg (1)) > V/ns, note that (17) implies

T[G]+1
(T[G} —1)ng > Z n;. (A.57)

j=2
Using (13) and part (i) of Lemma 2 we find that

7"[2]-1-1

(7“[2} — 1)n5 > Z n;. (A.58)
j=2

Applying (16) to (A.58), we know that case 2 yields an equilibrium.
For the case Zg)(r}g) < V/nrL, part (ii) of Lemma 2 implies that Zg (1) < V/nr.
From (18) and (19) we know that case 8 yields an equilibrium. O

Proof of Proposition 2
Take the small-type benchmark model, i.e. ng = n; = ng. The condition that group 1
in this model is active (case 6 or case 8) is the negation of (16) with i = 7). Similarly,
the condition that the small-type group 1 in the model with private information is active
is the negation of (16) with i = rfy. Since (8) — which is the function defining 7y and
[z — is independent of ng and np, group 1 will be active in the small-type benchmark
model if and only if the small-type group 1 is active in the private information model.
This proves part (i).

For the rest of this proof, take the large-type benchmark model, i.e. ng =np = ng.

Group 1 in this model will be active when (use (19))

F[8]+1
(Fg — Dz < > ny. (A.59)
j=2
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We can derive from (19) when the large-type group 1 is active (case 8) in the private
information model. Note that (12) implies that 7y > rg. Hence, if 7 = 1, then
rg) = 1 and group 1 will always be active in the large-type benchmark model, while the
large-type group 1 can be inactive in the model with private information. Note that
this result a fortior:i holds for the two-group model (n = 2 and therefore rgy = 1 and
7ig) = 1). This proves part (ii).

If gy > 2 and rg) = 1, we compare (A.59) to (19) with i = 75 = 1 and conclude
that both group 1 in the large-type benchmark model and the large-type group 1 in the
private information model can be active and inactive, without one model being (in)active
necessarily implying (in)activity for the other. This proves part (iii).

Finally, we examine the situation with #g) > 2 and rg > 2. By (12), we have for the

large-type benchmark model that

UCIE
ijz n; +nL

— — —Nig+1 >0
4o g
nL "s)
j=2 T j=2 T
g — 1 Mg +1 nr,
e 1= S SUCh e DI T S ARy >0
j=2 T j=2 T j=2 T
rig) — 1 Mg +1 1
R e T T (A.60)
(8] . (8] . 78] — 1
Zj:Q nj Zj:Q nj

where (A.60) is due to (A.59). Suppose now that 7g > 3. Then (8) implies that

nf[g]-f—l 1

N
Zj[i]Q n; T[g) 1

(A.61)

If we substitute (A.61) in (A.60) and compare the result with (8), we obtain 7y > 7ig),
which gives a contradiction. Therefore, we must have 7[5 > 7g). Note furthermore, that
by (8) we have 73] = r[y). Summarizing, we obtain (g = 79 > T(g) > 7[5 By part (i) of
Lemma 2 and (A.59), we now know that

i 7:[8]_1 :>i T[S}_l

n g+l n rgtl
L Zj:Z nj L ijz 1

We can derive from (19) that the large-type group 1 in the private information model is

(A.62)
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active when

7‘[8]"’1
> > (rig — 1) (pv/nsng + (1 — p)ni) — pns + py/nsny
=2

= (rg) — V)py/nsny + (rig) — 1)(1 = p)np — pns + py/nsnr
= T[S}p\/ nsnr, + (T[S} — 1)(1 — p)nL — png

ns

p———— \/§ ) 4 (g — D(1 — p. (A.63)

nr

Furthermore, because 0 < ng < np, we have for g > 2 that

n 2
< —S—1> >0
nr

_ ns
= 2>7M
3
1=/u:
o
= T[g > o
T=y/n
= T[S}_1>T[8} %—% (A.64)
L L

By (A.64) and (A.62), we know that if group 1 in the large-type benchmark model is

active in case 7g > 2, then

T[8]+1
n n
an(?“[s}\/—nj - —ni) + (g = D)(L = p)ng, < (rg) — Dnp < Y ny. (A.65)
=2

Comparing (A.65) to (A.63), we conclude that if group 1 is active in the large-type bench-
mark model, the large-type group 1 is also active in the model with private information.

Note that the reverse does not hold in general. This proves part (iv). O
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